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Abstract 

We consider the Hall effect in a system of weakly coupled one-dimensional 
chains with Luttinger interaction within each chain. We construct a pertur- 
bation theory in the inter-chain hopping term and find that there is a power 
law dependence of the Hall conductivity on the magnetic field with an expo- 
nent depending on the interaction constant. We show that this perturbation 
theory becomes valid if the magnetic field is sufficiently large. 

I. INTRODUCTION 

It is well known that one-dimensional interacting electrons form a non-Fermi-liquid sys- 
tem. The Green function acquires an anomalous scaling power 2A which implies the break- 
down of the basic assumption of the Fermy-liquid theory. However, not all correlation 
functions have anomalous scaling: the correlators containing only density and current oper- 
ators are similar to those of a noninteracting system. Therefore most of physical quantities 
are usual and it is interesting to consider those which do have a nontrivial contribution from 
the interaction. 

In this paper we consider the influence of the electron interaction on the Hall effect 
in a quasi-one- dimensional system. To understand the effect of two-dimensionality let us 
consider a system of weakly coupled one- dimensional chains as an example of a quasi-one- 
dimensional system. The inter-chain hopping term t± can be neglected for electrons with 
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sufficiently large energy. Therefore the system behaves as one-dimensional on scales much 
smaller than I ~ f^cix, where a x is the distance between the atoms within the chains and e F 
is the Fermy energy. Actually, the anomalous scaling of Green functions leads to a correction 
of the above qualitative expression to I ~ (7^) 12A a x (seeffli). On scales larger than I the 
system is essentially two-dimensional and one- dimensional Green functions do not give even 
qualitatively right answer. Therefore if a physical effect comes from the length scales smaller 
than /, then the answer can still have one-dimensional anomalies. We show that the Hall 
effect in this system is strongly affected by the anomalous powers and acquires a power law 
dependence on the magnetic field 

(J j_ ~ rl 

This result is valid only if the magnetic field is strong enough. Indeed, the Hall effect is due 
to interference on scales Ih ~ where $ is a quantum of magnetic flux and a y is the 
interchain distance. We want the system to be "one dimensional" on these scales, i.e. we 
need I Ih- Substituting the expression for / we get 

$0 

To find the Hall conductivity we use perturbation theory in t±. This perturbation theory 
becomes valid when the condition ([[]) is satisfied because in this case the effect of hopping 
term is small on the scales important for the Hall effect. 

The main technical difficulty of this problem will be that the Hall conductivity of the 
chains with the linear electron spectrum 

e± = ±v f (ptPf) 

is zero due to the particle-hole symmetry. Therefore it is necessary to consider a nonlinear 
correction to the spectrum 

e± = ±v f (ptPf) +a(pTPF) 2 - (2) 

We consider the simplest model of spinless electrons. It is also assumed that the system is 
not close to half filling so that the umklapp processes can be neglected. 
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So the Hamiltonian of the problem is 

H = v F J dxJ24>h3(-id x )4>i - a J dxJ2^jdl^i 

i i 

+9 J dxJ2 Tpl + ipi+$-^i- +t± J dx Y, fy^e'^ , (3) 



where ip is composed from the right- and left-moving electrons ip 



T3 is a Pauli 



matrix, Aij = // Ad\ and we use the Landau gauge A y = Hx. The second term in the 
Hamiltonian is the nonlinear correction to the free electron spectrum. The model without the 
hopping term and a— term can be solved exactly, for example by the bosonization method. 
It is also possible to bosonize the a-terml but it leads to a cubic interaction between the 
bosons and the model with such an interaction is not exactly solvable. Therefore we have 
to consider the a— term as a perturbation, too. The nonlinear term in the spectrum (§) is 
small compared with the linear term on scales bigger than ^- ~ a , hence a perturbation 
theory in a is valid if Ih 3> a. This condition can be written as 

$0 

and it is satisfied for any real experimental situation. Therefore a perturbation theory in a 
is always a good approximation. 

The plan of the paper is the following: In Section |lj we express the Hall conductivity 
through the single-chain correlation functions. In Section [nj we explain the technique that 
we will use to calculate one-dimensional correlators. In Section |^ we calculate the Hall 
conductivity. Finally, we summarize our results and discuss their possible applications in 
Section^. 



II. EXPRESSION FOR THE HALL CONDUCTIVITY . 



Let us choose a coordinate frame so that the magnetic field points along the z-axis and 
the chains are along the x-axis. The label i, which denotes the number of the chain, increases 
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in the y-direction. The electric field E x = Eoe~ luJt is applied along the chains (x-axis). In this 
geometry the Hall conductivity a±(u) relates the electric field E x with the current between 
the chains j y 

j y = a ± (uj)E x . 

According to the Kubo formula the conductivity is expressed through the retarded current- 
current correlator 

o±M = - J2 I dxP R (x,i,(j), (4) 

where 

/oo 
dte™\j v (x,i,t),j x (p,0,0)Mt). (5) 
-oo 

In these expressions j y is the Heisenberg operator of the current between the chains 

j v (x,i,Q) = t±ei ^j(x)ip i+1 (x)e- i c A ^ +1 - h.c.) , (6) 
and j x is the in-chain current operator 

j x (x, i, 0) = e (y F 4>l(x)T 3 i>i(x) + 2a$(x)(-i0 a ,)^ i (ar)J . (7) 

We will work in the Euclidean space which corresponds to the Wick rotation t — > —it, 
tjj — > iuj (See for examplJ) . The Euclidean Lagrangian of this problem is 

L £ = J dx J dtY^ip\(-d + iv F Tzdi + ad$)if>i - g J dx J dtJ2?Pi + ^i+^i-?Pi- 

i i 

-t±f dxjdtJ2 ipUje~^ Aid , (8) 

<i,j> 

where ip are two- vector anticommuting variables which correspond to the operators ip\ ip 

d_ a _ 8_ 
dt ' Ul dx' 



of the Hamiltonian formalism and do = Jr,<9i = Let us define the Euclidean current- 



current correlator 



roo 

P e (x,i,u)= / dte^(T t j y (x,i,t),j x (0,0,0)) (9) 
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where T t means time ordering in the "Euclidean" time. For Euclidean correlators the stan- 
dard perturbation theory can be used. The retarded correlator ([5]) is the analytical contin- 
uation of the Euclidean one 

P R {u) = -iPe{-iu). (10) 

Considering the last term in (||) as a perturbation, one can find the Euclidean current- 
current correlator to the first order in t± 

/ dx 3 J2(jx{x 3 , k, h)j y {x 1 , zi, h))^ 

= 2et 2 ± J2 J dx s J dx 2 J dt 2 (j(x 3 ,t 3 )^ s (x 1 ,t 1 )tpl(x 2 ,t 2 ))(^p s (x 2 ,t 2 )^l(x 1 ,t 1 )) 

+ (xi,t 1 <-> x 2 ,t 2 ) sinq(xi-x 2 ) (11) 

where q = anc l the label s = +,—■ Note that the one-dimensional current j contains a 
contribution from the nonlinear correction to the spectrum 

J=J {0) +J {1 \ (12) 

where 

j(°) = ev F i) j T 3 ip (13) 

= 2ec^ t HW- (14) 

The angular brackets on the r.h.s. of (|TTD represent averaging with respect to the single-chain 
Lagrangian 

L { p = Jdxjdt {^ j (-d + ivFTsdi + adl)tp - gip\.ip + iplip^) . (15) 
Finally for the Hall conductivity we have the following expression 

o-i.H = -^-r £ (-iu), (16) 

where Te(u) is the Euclidean correlator 

/oo 
dte^r £ (t), 
-oo 



with 



^2 dx 3 dx 2 / dt 2 (j(x 3 ,t 3 )i() s (xi,ti)ipl(x 2 ,t 2 )) (ip s (x 2 ,t 2 )ipl(x 1 ,t 1 )) 



+ {Xi,t 1 <-> x 2 ,t 2 



sin q(x\ — x 2 ) 



(17) 



III. BOSONIZATION. 

Now the problem is to find the one-dimensional correlators in (|TT|). The standard way 
to treat a one- dimensional model with the linear spectrum is bosonization. Without the 
a-term the model ( |T5| ) can be solved exactly. We will treat this term as a perturbation 
and begin with bosonization of the Hamiltonian. The a-term in the fermionic Lagrangian 
results in a cubic interaction between the bosons!. The single-chain Hamiltonian H\ in the 
bosonized form (see Appendix A) is 

#i = \ ((^$) 2 + n 2 ) + ^dS (s^n 2 + ^W) 2 ) , (is) 

where $ and II are canonically conjugate Bose-operators and (3 is a constant which depends 
on the interaction constant g 

t i 
v F - g/2n\ 4 



v F + g/2nJ 

The fermionic and current operators (see Appendix A) are 

^ ± (x,t) = -i=e ±i * ± ^, $ ± (x,t)=P$(x,t)Tl [ X dx'lL(x',t) (19) 

j = -e(jfl + 2afld 1 $) } (20) 

where 5 is the inverse momentum-space cutoff, and the normal ordering of operators is 
implied in ([18]) and (|20|). Here we have rescaled the energy units so that the velocity of 
the Bose-particles vb is 1. The second term in the current operator is due to the a-term 
in the Hamiltonian. It is more convenient to calculate the correlation functions using the 
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functional representation. In this formalism we introduce the fields II which are related 
to the fermion fields ij}', ip via 

^ ± (x,t) = -L=e**±^\ * ± (s,t) = /3$(x,t) T \ [ X dx'U(x',t) (21) 

V Z7T0 P J-oo 

j = -e(^n + 2aIld 1 <S>). (22) 

P 

The Green function 

G(xi - x 2 , h - t 2 ) = (T t '4)(x 1 ,ti)^(x2, t 2 ))H, (23) 

calculated by the Hamiltonian method is related to the Green function 

G f {x x - x 2 , ti - t 2 ) = (ip(x 1 ,t 1 )ip*(x 2 , t 2 )) f , 

calculated by the functional method through the following relation 

G(xi - x 2 , ti - t 2 ) = sgn(ti - t 2 )G f (xi - x 2 , t x - t 2 ). (24) 

Indeed, due to the fundamental property of the correspondence between the Hamiltonian 
and functional methods we have 

(T} boz ^(x 1 ,t 1 )^(x 2 ,t 2 )) H = (ip(x 1 ,t 1 )il;*(x 2 ,t 2 ))f, 

where T^ ^ means time-ordering of the boson operators because the -^-operators are con- 
structed from the boson operators. But the definition ( |23"D implies time-ordering of fermions, 
and this difference should be corrected by inserting sgn(ti — t 2 ) into fl2"4"|). So to get an ac- 
tual "Hamiltonian" Green function we should multiply the corresponding "functional" Green 
function by sgn(£i — t 2 ). 

The Lagrangian density corresponding to the single-chain Hamiltonian (JT3|) in the Eu- 
clidean space is 

=cP + V(U,d^), (25) 

where 
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4 0) = ffl<9 $ - \ (n 2 + (d^) 2 ) , (26) 

V(U, = -pw (s-^n 2 + ^0) 2 ) . (27) 

We will treat the interaction V as a perturbation. The bare correlation functions are 

($(x 1 ,t 1 )$(a; 2 ,t 2 ))5. 0) = -d(a;,t) (28) 
f Xl dx' r dx"(U(x', ti)n(x // , t 2 )) ( f 0) = -d{x, t) (29) 

J—oo J— oo 

r 1 <ir'(n(ar',ti)$(x2,t2))? ) = -^sgnt (arctan— ^— + J) , (30) 

J-oo ' Z7T y \t\ + 2 J 



d(M) = ^h vl 'p' ■ (31) 



where 

1 , (|t|+<5) 2 + x 2 
4T ln P 

In the above formulas t = ti — t 2 and x = xi — x 2 . The label (0) in ( p8] - [30| ) means averaging 
with respect to the free-boson Lagrangian and I is the length of the chains. Using the 
correlators (p8]-|30|) we can find the correlators of Q±: 



(<Mxi,ti)<&±(z2,t 2 )} (0) - <$±(0,0)$ ± (0,0)><°> (32) 

1 fn P 2 \, t 2 + x 2 , . x 
= '- A {-jp+-) In^.-i.arctan-. 

Here and below we put 5 = wherever it does not lead to apparent divergences. 

Now let us reproduce the well known result for the one-particle Green function. Accord- 
ing to the formula 

(e A ) = e ^ A2 \ (33) 

where A can be any linear functional of the fields II, we can easily find the correlators of 
^-functionals 



GZ<& - 6) = = S gn( tl - , 2 )-_ ^— j , (34) 

where A = | (j^ + — 2^ and £ = (x,t). The appearance of the factor sgn(ti — t 2 ) is in 
accordance with the formula Q2"3|). Indeed, due to this formula the fermion Green function 
with proper time-ordering is 

8 



1 / 5 



2 \ A 



,(0),. . . /-;, . . . V . , « 1 / 5 



G3!'(6 - 6) = (r, fe( , I , tl )^(,^ 2 )) H = ^ j (35) 

which is the right answer. 

It will be convenient for us to introduce the following generating functional 

Z±(J , fi) = ^ ± (eO^(6)^' Cl/b(0n(0+yi(0 ** (01 >? ) . (36) 
This functional can be calculated using the formula fl3"3] ) 

Z±(/ ,/i) = Gi 0) / (6,6)e i?±(/0 ' /l)+ ^ d25ld26/T(6)D(6 ' 6)/{6) . (37) 

In this formula G±j is the Green function (|34]), / = (fo, fi) T is a two- vector constructed 
from /o, /i, and F ± (f , fx) is a linear functional of fo, fi 

F ± (f Ji) = J ^(/ (0^(£i, 6, + /i (0^1,6,0), (38) 

where 

1 - £3) T - £3) 

Jo (6, 6, £3) = ^ (tl _ t 8)a + (X1 _ Xa) 2 -OMi (39) 

1 ±id(xi - x 3 ) + |(ti - t 3 ) 

^(£1,6,6) = r- ,/ - ' ^ ' - {xuh <- x 2 ,t 2 ). (40) 

2tt (ti - t 3 ) J + (ari - x 3 ) 2 

Finally, D is a matrix Green function which in the momentum space is 



D(u,p) ,r 



p z + UJ 1 



1 

p 
1 

p 



(41) 



So far we have calculated the generating functional which corresponds to the free-boson 
Lagrangian 

4 0) - But the averaging in (0) is done with respect to the Lagrangian 1$ ©, 
and therefore we need the following generating functional 



z- 1 J Duo® ^ ± (ei)^(e2)e^ 1)+ / d2 « [/o(?)n(5)+/i( ^ i<1, 

where 

Z = J DUD^e 1 ^. 



(01 
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Before doing the perturbation theory in V it is convenient to shift the fields IT 
Jq, <9i$ — * <9i$ + Jf and redefine them II = 7 , di& = 71: 

Z- 1 J DTID& ^ ± (6)^(6)e^ 1>+ ^ d2c(/on+/l9l * ) 

= G±/(£l - i2)Z~ 1 J Dj Djx el d2 ?[-h T£,_1 7+V(70+Jo,7i+Ji)+/o(70+Jo)+/l(7i+Ji)]_ 



n + 



(42) 



In this representation V is the interaction term 

V(7o,7i) = -|/^7i (jj. 

and 



Z 7 = / ,070,071 e/^^-l^-^+^Tom)]. 

The arguments of the J-functions in (f42|) are J(^i,^2,0- The field 7 is a two-component 
field 7 = (70, 7i) T and -D -1 is an integral operator corresponding to the Green function D^ 1 , 
which in the momentum space is the inverse Green function (O) 



D-\u,p) 



1 -i*. 
p 



-i* 1 

V 



This representation is convenient for the perturbation theory in a because it already contains 
the Green function G±* so that we do not have to deal with ^-functionals any more. To 
prove the representation ([42]) it is convenient to use the following formulas for J— functions: 

■^(6,6,0 

6,0 = 



7T d d 
1—— ± p- 



(3 dx dt 
d it d 



dx (3 dt 



[<*(£i-£)-d(£2-0]> 

[d^i -£)-d(£ a -£)], 
$ + fl?]d(£) = 5(0 



(43) 



(44) 
(45) 



where d(£) is defined in (j3l"l). 



IV. CALCULATION OF THE HALL CONDUCTIVITY. 



To calculate F we need to find the correlators 

#±(£1,6,6) = / ^30'(6)^±(£i)4(6)) 
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and 

g±(0 = M0^(o)>, 

where the averaging is done with respect the single-chain Lagrangian (|T5|). Let us apply 
the technique developed in the previous section to calculate these correlators. First of all 
we should find these correlators to the zeroth order in a. The Green function G± was 
already calculated in the previous section. The correlator K± to the zeroth order in a can 
be calculated using the generating functional ( P6] , pTD 

eV F f 5 



Calculating the integral over x 3 we get 



R (o) = ggn ( ti J dx^—Z ± {f Q , /l)| /o=/l=0 

j ^3Gi 0) (^,6)^o(6,6,6)- 



evp 



= T^evpGf^ - £ 2 )[sgn(t 3 - *i) - sgn(t 3 - h)}. (46) 

Substituting these expressions and the Green function (|35D into T (p!7|) we get zero due to 
the fact that G±\xi — X2,t\ — £2) is odd under the transformation X\,ti ^2,^2 and K±^ 
is even. Indeed, the model with the linear spectrum (a = 0) should give zero Hall effect 
due to the particle-hole symmetry. To the first order in a we can conveniently represent the 
product of these two correlators as 

where jo and j\ are defined in (0). The first term in ([TJ) contains the current to the zeroth 
order so that the nonlinear corrections come from the Lagrangian. The second term contains 
no a-corrections from the Lagrangian because ji is already proportional to a. Fortunately 
the first term gives no contribution when substituted into the formula for T (see Appendix 
B) and therefore we should calculate only the contribution from the second term. The 
correlator 
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where the current correction j\ in the bosonized form is 



ji = -2eandi$, 



can be calculated using the formulas ( |36| , |37| ) 



^30'lfe)^±(ei)^±fe)> (0) 

= -2ea J ^ 3 4(a,6,6)^(a,6,6)Gi 0) (6,6), 

where it was used that / dx\D(£i, £2) = ( see Appendix B). Taking the integral over X3 we 
get 



1 



^(fe^KMte)) = ^(6 - 6) + (ii _ (2)2 

±27ri(t! - t 2 ) - ((tt//3) 2 + /3 2 ) ( Xl - x 2 )l [sgn(t 3 - h) - sgn(t 3 - t 2 )]. 



(48) 



Substituting fl48|) and fl35|) into the expression for T and shifting the variables x 2 — > X2 + 
Xi, t 2 ^2 + ^1 for IV (a;) we get 



2tt 3 



<5 4A / dt 7 / cite 1 "" [sgnt - sgn(t' + t)] f(t') 



(49) 



where 



fit) = / cfe 



1 



-2mt + x ((tt//3) 2 + (3 2 ) 



sm gx. 



Using that f(t') is an even function of t' and integrating by parts one can show that 



dt' / dt e tujt [sgnt - sgn(t + £')] /(*') 



4« 



a; jo 



dt(cosut-l)f(t). 



Therefore 



a;7r J jo 



dt(cosut-l)f(t). 



(50) 



Introducing cylindrical coordinates x 2 = p cos <p,t = p sin we can integrate over obtaining 
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ea j4A ■' - 



TT 2 U 



dp 



o p 

(tt/(3 + (3)' 



2(1+2A) 



Voo' 2 + q 2 



MpJ^ + q 2 ) 



+ q 2 fl 2 



J 3 (pJu 2 + q 2 )-(uJ = 0) 



(51) 



where J\ and J3 are the Bessel functions (not to be confused with J-functions (|39[ , f40D ) . 
Calculating the integral over p and using ( fl6|) for the Hall conductivity we get 



a ± {uj 



2e 2 t 2 ± a /5\ 4A T(1-2A) q 



{q 2 -uo 2 ) 2A<1 +UJ ' - !A 



q 2 — uj 



2 

2-<T 



it \2j r(2 + 2A)cj 2 
which is the main result of this paper. Expanding in u we get the DC-conductivity 



4T(1 - 2A) 



1-A)- 



t 2 , e 2 a 



5 



4A 



(52) 



(53) 



7I-r(2 + 2A) V ~ ' v 2 ^ eHa y v B y-^ \ 2v R 

where vb was restored. One can see that a± depends on the magnetic field as if 4A ~ x . 
Note that the formula ([53]) does not work for A > |. (The integral over p in ([51]) does not 
converge in this case.) The fact that A = | is a critical value is not surprising because it was 
shown! that in the case A > | the interchain hopping term in the Hamiltonian is irrelevant 
in RG sense. To avoid confusion we note that the irrelevance of the hopping term in the 
case A > I should be understood in the straightforward dimensional RG sense. Actually, 
considering two-particle tunneling processes, one can see that the hopping term is relevant 
even for A > | (SeeH^I). As was mentioned above, this theory is valid for high magnetic 
fields. To find the applicability criterion we should consider the next nonzero order in t±. 
It is hard to calculate it but from dimensional analysis it follows that the correction should 
have the form 



1 + const 



eHa y 5 



4A 



V 



Indeed, expanding to the next nonzero order in t± one gets four additional ^—operators 
which give the factor <5 4A and the remaining factors can be restored from dimensionality. 
This correction is small if 

$0 



ti 



a x a y \tF 



where $0 is a quantum of magnetic flux. It agrees with our expectation QXj) in the Introduc- 
tion. 
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V. DISCUSSION AND CONCLUSIONS. 



We considered the Hall effect in a quasi-one-dimensional interacting electron system. It 
was found that in high magnetic fields 



1-2A 



i*>— - (54) 

there is a power law dependence of the Hall conductivity on the magnetic field 

a ± ~ H- 1+4A , (55) 

where 2 A is the anomalous exponent of the one- dimensional Green function (|35|) . This 
formula can be applied for A < \. This result was obtained for the zero-temperature 
case. But for nonzero temperatures much lower than eHa * VF it should still hold because 
the temperature will change the correlation functions only in the low-energy region which 
is irrelevant in the case of high magnetic fields. Therefore this result can be applied for 
nonzero temperatures if 

^ « ^L. (56) 

We considered the simplest model of spinless electrons. In a more realistic case of the 
Hubbard model the single-chain Green function has a more complicated form 

i 1 / 5 2 \ A 

G(x, t) = — ^ - Vpit y/2( ±x + Vgit y/ 2 [ x 2 + J—jy J ' ( 5? ) 

(in the Euclidean space), where v s and v p are the spin and charge velocities. Using dimen- 
sional analysis one can argue that the result (|55|) should still hold. Indeed, the formula (|Tl~D 
is right in this case. Comparing this formula with the final answer, one can see that every 
"0-operator gives rise to an additional factor 5 A in the final answer, while the current j gives 
no additional powers because j is a local function of the Bose-fields. Therefore the exponent 
of the magnetic field in the final answer should be the same with A defined by fl57p . 

We hope that experimentally this effect can be observed in one- dimensional organic 
conductors (see! for review). Actually, the possibility of observing this effect depends on 
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the value of A in a particular material. If we take a x a y = 5 x 10 15 cm 2 and ^ = jq which 



is typical for these materials, then we can rewrite the condition (54) in the form 



FX10-... 10 4 ) f-j T. 

It can be satisfied from the experimental point of view if A is not far from ~. Note that 
one-dimensional organic conductors at low temperatures typically exhibit phase transitions 
to superconducting, CDW or SDW states and many properties such as Hall effect, magne- 
toresistance, etc. are very unusual at these temperatures. Of course our result can not be 
applied in these cases because effects of complicated ground state were not considered. In 
other words, for this effect to be observed the materials must be in the metallic state. 
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APPENDIX A. BOSONIZATION OF THE SINGLE-CHAIN HAMILTONIAN. 

In this section we will follow the approach described inS. In the bosonization technique 
the product of two operators which has an infinite vacuum matrix element 

(AB) -> oo 

should be understood limit 

(A(x)B(x)) - (A(x)B(x')) x ^ x , 
Usually the r.h.s. of this expression can be written as 



- — Z -— + C(x) + ... , 
[x — x p 



where z, r\ are some constants. The first term is divergent but it is a c-number and it can be 
ignored if we are interested in operators in normal ordered sense. The second term is well 
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defined and the others are equal to zero in the limit x — > x'. Our task is to bosonize the 
single-chain Hamiltonian 



Hi — J dx (^—ivF^T^diip — a^dl^ + ?/> + -?/>l?/!>_) , 
Using the Baker-Hausdorff relation 



e A e B = e A+B e \[A,B] 



we can write the product of two V' - operators as 



where 



lTXl{X\ — X) 



^ ± ( X) t) = _L e ±^±M) 



&±(x, t) = y/n (${x, t) =f f X fl(x',t)dx' 

and : : means normal ordering of operators. Here we have rescaled the energy units so that 
Vb = 1. Expanding the exponent to the third order in {x\ — x), we get 

±i& ± (x) - hx x - x)((fr ± (x)) 2 =f 



(58) 



2m 

where all singular c-number terms are ignored and the primes denote differentiation with 



+l(xi - x) 2 (±i^(x) - 3$' ± (x)$'4(x) =f i(& ± (x)f 



respect to x. Now it is straightforward to bosonize all operators which we need. For the 
terms of the Hamiltonian we have 



( 1 ( 1 

-iv F / dx^Tzdxi) = - / dxivBid^f + — n 2 
J 2 J vb 



g [ dAMH- = — I dxiveid^) 2 - —II 2 ) 
I Air J ^ vb ' 

1 7T 



/ dxftdU = 1X — ( dxd^im 2 + vlid^)'- 

J 3 ,fflR J v 



3 y/VB 

where vb was restored for a reason which will be seen below. Normal ordering of operators 
is implied hereafter. In the derivation of the above expressions the terms in (|58"D which are 
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total derivatives were neglected. The sum of the first and the second terms can be written 
as the usual free-boson Hamiltonian if we renormalize the fields <£> — > -4=$, II — > ^-H so 



that 



-iv F J dx^r 3 dii> + g J dx$.^+$.^_ = J Gfe^(v|(<9i$) 2 + II 2 ), 



where 



UB = V ^ - (i) • 

Knowing the relation between and we can put Vb — 1 again. Note that the above 
relations depend on a cut-of procedure and are universal only to the first power in g. So the 
single-chain Hamiltonian expressed through the new renormalized fields becomes 

Hi = \ ((^$) 2 + n 2 ) + (s^n 2 + ^W) 2 ) . (59) 

Finally, the current operator expressed through the same fields is 

j = -e(^n + 2an<9 1 <l). 

APPENDIX B 

Lei us prove that to the first order in a there is no contribution to T from the first term 
in m 

{yo{Sa)MZiW±(&)KM£2W±(£i))- (60) 

To the zeroth order in a it was already proven that this term gives no contribution to 
T. Therefore we should show that the first order corrections give no contribution as well. 
According to (0), to the first order in a we have 

(V±(£i)V4(&)> = Gi% - 6) (i + (/ d 2 £V( l0 + 4,7! + J±) € ) 7 ) , (61) 
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where the subscript £ represents the arguments of the 7-fields and J-functions, for example 

^(70 + 4,7i + J?)* = v( 7 o(0 + 4(6, 6,0, 71 (0 + 4(6,6,0) 

and the symbol ( ) 7 means averaging with the functional 

e-U**?*-^. (62) 

It was also used that (V( 7 o,7i)) 7 = to get (|6l]). For the correlator containing j , using 
the same formula to the first order in a we get 

Oo(6)V>±(6)V4(6)> 
- eUF Gi 0) (6 - 6) ([i + / ^V( 7 o + 4, 7i + 4)d(7o + 4h 



7 



= - e ^-Gf (6 -6)4(6,6,6) (1 + (/ dev( 7Q + 4,7! + 4)e> 

-^Gi 0) (6 - 6)(/ <W7o + 4,7! + 4)ao(6)) 7 , (63) 

where the arguments of Jo, J\ are implied according to the same rule as above. Note that 
the functions Jo, J\ are odd under the exchange of the arguments 6 an d 6- Therefore the 
term 

J di{v{ lQ + j^ lx + jt)^ = J de(y( 7o (0 + 4(6,6,0,7i(0 + 4(6,6,o)) 7 

is odd under this exchange too. (One can always change 70,71 — > — 7o, — 7i because the 
functional (|62|) is invariant under this transformation.) One can see that after the substitu- 
tion of (^H],^) into ( |60D the correction in (^l|) and the correction of the same kind in fl6"3"|) 
cancel each other (to the first order) and ( p0| ) becomes 

Oo(6)^(6)^(6)) 7 (^(6)^(6)) 7 = -^Gi 0) (6 - 6)Gi 0) (6 - 6)4(6,6,6) 



eV F nQ 



G\ (6 - 6)G° (6 - 6)( / d£V( l0 + 4,7i + 4) 5 7o(6)) 7 - (64) 



The first term in this expression is the zero order term which gives no contribution to 17 
The second term gives zero when integrated over X3. To see this we need the correlation 



functions of the 7-fields. Taking the Fourier transformation of the Green function (|41| ) one 

gets 

M6M6)), = <7o(6ho(6)>, = I + , 

(7.(6)7.(6)), = (7o({,)7,(6)), = ((^-p - (^j) • 
From the form of the 7-correlators written above one can see that 

|rfa; 1 (7(6)7 , (6))=0, 

where 7 and 7' are any fields from the 71, 72-fields. Therefore there is no contribution to V 
from the term (|60|). 
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